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NOTE 
A UNITAL IN THE HUGHES PLANE OF ORDER NINE 
A.E. BROUWER 
Dept. of Math., Techn. Univ. Eindhoven, Eindhoven, The Netherlands 
Eight years ago I found four nonisomorphic 2-(28,4,1) designs embedded in the Hughes 
plane of order nine, using a computer. This note gives an algebraic description of one of them. 
1. Rosati’s unital 
In [l] and [2] I described the construction of 138 nonisomorphic Steiner systems 
S(2,4,28), 11 of which could be embedded in a projective plane of order 9 (of 
which 4 in the Hughes plane). 
Recently, Rosati [4] constructed a unital (2-(q3 + 1, q + 1, 1) design, i.e. 
Steiner system S(2, q + 1, q3 + 1)) in each Hughes plane of order q2, and raised 
the question whether his unital coincided in case q = 3 with one of the four I had 
found earlier. This turns out not to be the case. Statistics for Rosati’s unital are: 
s[3:7] = (0, 1152, 552, 72, 15), not resolvable, uniquely embeddable in a proj- 
ective plane of order nine, self-dual, automorphism group of order 48, point 
orbits of sizes 4 + 12 + 12, block orbits of sizes 3 + 6 + 6 + 24 + 24, the binary 
code spanned by the blocks has dimension 23 and the weight enumerator of its 
dual has coefficients al0 = 8, ui2 = 7, aI4 = 0. 
(Here si is the number of‘maximal (partial) spreads of size i; see also [l, 21.) 
Applying the process described in [l] to Rosati’s unital one finds 15 more 
unitals, so that as far as I know 154 nonisomorphic Steiner systems S(2, 4, 28) are 
known today, 12 of which embed in a projective plane. 
2. My unital E.8 
Seeing Rosati’s unital made me wonder whether one of my unitals has a 
reasonable algebraic description. In this note I shall describe the one with the 
largest group. 
Consider the Hughes plane fl= (P, L) of order 9 defined over the “mini- 
quaternion” neat-field of order 9 (cf. [3]). Its group of automorphisms is 
isomorphic to PGL(3,3) X Sym(3) where the first factor is the group of 
projectivities, and the second factor the automorphism group of the nearfield. 
This group stabilizes a unique Baer subplane no = (PO, Lo) of fl. 
Choose a nonincident point-line pair x, L in no. The subgroup G of Aut 17 
fixing both x and L is isomorphic to GL(2,3) x Sym(3) and has orbits of sizes 
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1 + 4 + 8 + 6 + 24 + 48 on points and lines. (Namely: the point X, the 4 points of 
L fl PO, the 8 remaining points of P,, the 6 remaining points of L, the 24 points of 
P\P, that are on a line M E Lo containing x and meeting L fl PO, and the 
remaining 48 points. Dually for the lines.) 
Let S be a Sylow 2-subgroup (of order 16) of GL(2,3) and let T be the unique 
cyclic group of order 8 contained in S. Put H = (T x Alt(3)) U ((S\ T) x (Sym(3)\ 
Alt(3))) < G. Then H = Z2,.2 has order 48 and orbits of sizes 1 + 4 + 8 + 6 + 
24, + 246 on points and lines. Our unital has as points those in orbits 4 + 24,, and 
then its lines are those in orbits 1 + 6 + 8 + 24 + 24,,. This unital is self-dual, but 
not the set of fixed points of a polarity. 
An explicit description of the unital independent of the plane can be given as 
follows: Let X = {a} x Zz4 fl {b} X Z4 and take as blocks the five blocks 
{ a,, a6, 42, %>, (41, % 4, Q>, {al7 % % bd, {%, % 46, 621, {h, 61, b2, W, 
and their cyclic shifts (mod 24). 
Note that also 
is an automorphism. 
Remains the question whether this construction can be generalized to Hughes 
planes of order q2 for arbitrary odd 4. 
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